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Introduction
As the growth rate of the Japanese macro-economy has been slow-downed in the past ﬁfteen years,
the accuracy of the (oﬃcial) quarterly GDP ﬁgures has become much more important than in the
era of high-growth period for the oﬃcial statistical agency within the central government of Japan,
which has been in charge of Quarterly GDP. There have been critical comments on the accuracy
of Japanese GDP from some economists and mass-media, and then the statistical agency has been
trying to make the quarterly (quick) GDP more accurate. We have been proposing to use the modern
statistical time series analysis including the state space modeling in particular to improve the quality
of quarterly (quick) estimates of GDP in JAPAN. Some statistical methods we proposed have been
adopted already in practice, but there would be further problems on the current estimation method
to be improved.
Fixed Investments and Quarterly GDP
One of major problems to compute Quarterly Quick GDP Estimates in JAPAN has been the fact
that the ﬂow of new information available depends on the timing of various statistical surveys and
many of them are conducted by diﬀerent organizations (ministries) within the central government.
When the Cabinet Oﬃce needs to publish the ﬁrst quick estimate of Quarterly GDP, one important
information of ﬁxed investments called Hojin-Kigyo-Tokei, which is a large scale of survey on the
private ﬁrms, conducted by the Ministry of Finance is not available while we have an estimate of
the ﬁxed investment from the supply side estimates (based on commodity-ﬂow information). After
the ﬁrst estimate is published, the important source of information on ﬁxed investments from the
demand side becomes available and then the new number should be incorporated with the supply side
information to form the 2nd quick Quarterly estimate (a revision of the 1st quick estimate). Hence at
the initial state of estimating quarterly GDP, we have a missing observation problem and we need to
predict the coming number of ﬁxed investment in the demand side. Also we have similar problems on
some components of inventory investments in the process of quick Quarterly GDP estimations. Since
the macro-economic data have trends, cycles, seasonality and irregularity components, the predictions
of the ﬁxed investments and inventory investments are rather diﬃcult. The missing observation and
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prediction problem we have are rather complexed and challenging in the proper statistical sense.

Modeling fixed investments
We take the (private) ﬁxed investments problem as an illustration. Let the j−th observation of the
ﬁxed investments from the demand side be Xdj and the j−th observation of the ﬁxed investments
from the supply side be Xsj . We assume that Xij (i = d, s; j = 1, · · · , N ) satisfy
(1)

Xij = Tij + Cij + Sij + Iij ,

where Tij , Cij , Sij , and Iij are the trend components, the cycle components, the seasonal components
and the irregular components, respectively. For the simplicity, we treat the sum of trend and cycle
components as T Cij = Tij + Cij , and then we have
(2)

Xij = T Cij + Sij + Iij .
(a)

(a)

By denoting Xij = Xij − Sij , Xij = T Cij + Iij and
(3)

(a)

ΔXij

(a)

(a)

= Xij − Xi,j−1
= (T Cij − T Ci,j−1 ) + (Iij − Ii,j−1 )
= ΔT Cij + ΔIij ,

where ΔXij (= Xij − Xi,j−1 ).
Because two components should have the same true ﬁxed investments series, we assume T Cdj =
T Csj = T Cj and then we have
(4)

(a)

(a)

ΔXdj = ΔT Cj + ΔIdj , ΔXsj = ΔT Cj + ΔIsj .

In this formulation we need to consider a statistical prediction problem that given the information
(a)
(a)
(a)
(a)
available at j = n − 1 ΔXdj , ΔXsj (j = 1, · · · , n − 1) and ΔXsn , we need to predict ΔXdn . The ﬁrst
quick estimate of the private ﬁxed investement is calculated as a linear combination of two estimates
from diﬀerent sources by the present estimation method. We denote the conditional expectation as
the optimal predictor
(5)

(a)

Yn = E[ΔXdn |In−1 ] ,
(a)

where E[ · |In−1 ] is the conditional expectation, In−1 is the information at n − 1 and ΔXsn ∈ In−1 .
We note that the present formulation is quite similar to the oﬃcial explanation of the Quarterly
GDP manual in Japan (Cabinet Oﬃce (2006)), which could be interpreted as the errors-in-variables
model or the measurement-errors model. Furthermore, we assume that for any j, k (j, k = 1, · · · , N )
(A) ΔT Cj and Idk , Isk are independent, (B) ΔT Cj and Idk , Isk follow the normal distributions with the
initial condition ΔT C1 . (It is a rather strong condition, but usually we do not have many observations
for the proper use of the non-parametric methods.)
Then for j = 2, · · · , n
⎡

(6)

⎤

⎛⎡

⎤ ⎡

⎤⎞

ΔT Cj
ξj
σξξ 0
0
⎢
⎥
⎜⎢
⎥ ⎢
⎥⎟
⎣ Idj ⎦ ∼ N ⎝⎣ 0 ⎦ , ⎣ 0 σdd σds ⎦⎠ .
Isj
0 σsd σss
0

As the simplest situation we may assume that the expected value of ΔT Cj is constant (ξj = ξ ), σξξ is
the variance of ΔT Ci , and σdd , σss , σds are the variances and covariance of the irregular components
in the demand side and supply side, respectively.
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(a)

Given the current information ΔXsn , the optimal predictor of ΔXdn is given by
(7)

(a)
(a)
]
E[ΔXdn |ΔXsn

=

(a)
E[ΔXdn ]



=

(a)
(a)
Cov(ΔXdn , ΔXsn ) 

+

(a)

σξξ + 2σds
σξξ + 2σss

V (ΔXsn )





(a)
(a)
ΔXsn
− E[ΔXsn
]



(a)
ΔXsn

σξξ + 2σds
+ 1−
σξξ + 2σss



ξn ,

(a)

where the coeﬃcient of ΔXsn is a regression coeﬃcient and the predictor is a weighted average of
(a)
ΔXsn and ξn . Then MSE (the prediction mean-squared error) is
(8)



(a)

M SE1 = E (Yn − ΔXdn )2
= (σξξ + 2σdd )[1 −



(σξξ + 2σds )2
]
(σξξ + 2σss )(σξξ + 2σdd )

= [2σss + 2σdd − 4σds ] − 4

(σss − σds )2
.
(σξξ + 2σss )

We note that we have the predictor as if the variances and covariance were known in advance, but in
practice we need to estimate them and use ξn .
(a)
One possible predictor would be ΔXsn , which was used in the past, and its (prediction) MSE
is given by
(9)

(a)



(a)
− ΔXdn ]2
M SE1 = E[ΔXsn
(a)

(a)
− ΔIdn ]2
= E[ΔIsn

= 2σss + 2σdd − 4σds .


Then we have found that it is not an optimal predictor and and M SE1 cannot be less than M SE1 . In
(a)
the errors-in-variables model σds is not necessarily equal to σss and the regression coeﬃcient of ΔXsn
is not 1. From (8) and (9), as the variance of ΔT C, σξξ → 0, we could improve the prediction.
If we knew the current ΔT Cn as an extra information, we have the predictor of ΔXdn is given
by
(10)

(a)

Cov(ΔXdn , ΔT Cn )
(ΔT Cn − ξn )
V (ΔT Cn )
= ξn + (ΔT Cn − ξn )

(a)

E[ΔXdn |ΔT Cn ] = ξn +

= ΔT Cn .
Then MSE is given by
(11)

M SE2 = (σξξ + 2σdd )[1 −

(σξξ )2
] = 2σdd ,
σξξ (σξξ + 2σdd )

which is V[ΔIdn ]. Hence
(12)

M SE1 − M SE2 =

2
[σξξ σs,s − 2σds (σds + σξξ )] .
(σξξ + 2σss )


If σds was small, then we have M SE1 > M SE2 , M SE1 > M SE2 . We have an intuition that we did
not have the irregular component in the supply side, we have better prediction.
More generally, we consider the situation that we have information of not only ΔT Cn , but also
past information ΔT Cj (j ≤ n − 1). Then we have the errors-in-variables model
⎡

(13)

⎢
⎢
⎢
⎢
⎣

ΔT Cj
ΔT Cj−1
Idj
Isj

⎤

⎛⎡

ξj

⎥
⎜⎢
⎥
⎜⎢
⎥ ∼ N ⎜⎢ ξj−1
⎥
⎜⎢ 0
⎦
⎝⎣

0

⎤ ⎡
⎥ ⎢
⎥ ⎢
⎥,⎢
⎥ ⎢
⎦ ⎣

σξj ,ξj
σξj−1 ,ξj
0
0

σξj ,ξj−1
0
0
σξj−1 ,ξj−1 0
0
0
σdd σds
0
σsd σss

⎤⎞

⎥⎟
⎥⎟
⎥⎟ ,
⎥⎟
⎦⎠
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σξj ,ξj is the variance of ΔT Cj , and σξj ,ξj−1 is the covariance of ΔT Cj and ΔT Cj−1 .
When the distributions of the underlying random variables are normal, the optimal predictor of
ΔT Cn given ΔT Cj (j ≤ n) is a linear combination of ΔT Cj (j ≤ n). Under the errors-in-variables
model (1), (2) AND (6)M we have the following result.
Theorem 1 : Assume the conditions (A) and (B) in (1), (2) and (6) with the initial condition. The
optimal predictor with the minimum mean squares error is given by
(14)

(a)

E[ΔXdn |ΔT Cn , ΔT Cj (j ≤ n − 1)] = ΔT Cn

and the (prediction) mean squared error is M SE2 = 2σdd .
Also we can consider the situation when we use the information on the irregular part in the supply
(a)
side Isn . However, since we have Cov[ΔT Cn , ΔIsn ] = 0 and Cov[ΔXdn , ΔIsn ] = 2σds , we summarize
our arguments.
Corollary 1 : In the errors-in-the variables model (1), (2) and (6), in addition to the conditions (A)
and (B), assume (C) σds = 0. Then the minimum mean squared error predictor is given by
(15)

(a)

E[ΔXdn |ΔT Cn , Isn , ΔT Cj (j ≤ n − 1)] = ΔT Cn

and the predictive MSE is M SE2 = 2σdd .
We give several remarks on the present statistical problem.
(i) In comparing the predictor ΔXsn , we have better predictors based on ΔT Cn , ΔIsn in the sense of
MSE if the estimation of unobservable states is reasonable. By using the ﬁxed investments data, we
have found that the estimate of σds is small (and not statistically signiﬁcant) and then it would be
unlikely to have better predictor by using ΔIsn . It may be reasonable to expect to have some noise
(a)
term in our predictors. When the covariance is zero, ΔT Cn is a suﬃcient statistics for ΔXdn .
(ii) Our arguments are based on the assumption that we can estimate the states of diﬀerent components of time series (trends, ctcles, seasonality and irregular components) by using DECOMP or
X-12-ARIMA. We have used the DECOMP program to estimate the components by using the state
space models.
(iii) The problem of seasonal adjustments complicates the situation and we have used the DECOMP
program by Kitagawa (2010) to estimate the seasonality components of the ﬁxed investments.
Some results on fixed investments
We have used the ﬁxed investments of 1994Q1〜2009Q4 in the demand side and supply side investments. We ﬁrst extract the trend components, the cycle components, the seasonal components and
the irregular components by using the DECOMP program. For an illustration, we show the decomposition result of an oﬃcial (aggregate) ﬁx investments as in Figure 1.
(i) In this period, the oﬃcial time series of (private) ﬁxed investments have been ﬂuctuated rather
wildly. We have found a clear seasonal pattern up to around 2006, but since then the movements of
investments have been changed to some extent. However, it is quite diﬃcult to make an change point
analysis because we do not have enough series.
(ii) The correlation between the irregularity components in the demand side and supply side of the
ﬁxed investments is quite small, while the correlation between the trend components and cycle components is quite high. Therefore it may be reasonable to use the prediction method based on the supply
side estimation of ΔT Cn .
(iii) We have tried to use other prediction methods based on ΔT Cn−j , j ≥ 1, but we could not have
found signiﬁcant improvements on the predictive power although the predictors become more complicated. We also have tried to use several non-linear prediction methods based on the non-linear

p.6752

Int. Statistical Inst.: Proc. 58th World Statistical Congress, 2011, Dublin (Session CPS070)

modeling of the ﬁxed investment series, but we could not have found better results.
(iv) We have compared several prediction methods for the quick quarterly estimates (the 1st estimate,
the second estimate) and their predictive powers on the subsequent ﬁnal estimate. We have found
that the predictor based on the estimate of the trend-cycle components of the ﬁxed investments has
reasonable results.
Concluding Remarks
We have discussed some important issues on the past and current estimation method of the (quick)
quarterly GDP in Japan. Since economists and policy makers within the central government of Japan
have been interested in the current state of macro-economy and the main macro time series has been
the oﬃcial (quick) GDP estimates, it is important to improve the statistical method of estimation.
While we want to known the GDP ﬁgure as soon as possible, but at the same time we need to estimate the GDP based on less precise economic data. Since one of major source of inaccuracy on quick
quarterly GDP has been the estimation of (private) ﬁxed investments, we have proposed to use the
errors-in-variables model (or the measurement error model) and the state space modeling for decomposing the trend-cycle components, the seasonal components and the irregular components. Then we
have used the estimate of the trend-cycle components to form the quick quarterly ﬁxed investments.
Based on the Japanese GDP data, we have found some improvements on the quality of quick GDP
estimation. (The details have been discussed in Sato and Kunitomo (2010).)
There have been a number of further problems to be dealt with. The current seasonal adjustments practice including the current X-12-ARIMA procedure in JAPAN should be examined in
particular. There have been unexpected macro-shocks in the Japanese economy and then the current
estimation method for quarterly GDP should be under further investigation.
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Figure 1 : A decomposition of Fixed Investments
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